Abstract -A mathematical approach to evaluate the singularity present in the dyadic Green function for objects close to an interface is presented in this paper. This approach results in a spherically symmetric expression for the off-diagonal singular terms of the dyadic Green function. The main advantage is that the singularity no longer depends on the orientation of the RWG functions, and therefore only a uniform singularity needs to be extracted and evaluated. As a result, the implementation of this approach is more flexible, and also reduces the required coding effort.
Introduction
Singularities are present in the Green function of the electric field integral equation (EFIE) for a three-dimensional (perfectly conducting) scattering object. In order to obtain accurate solutions to the EFIE, care must be taken when evaluating integrals that involve these singularities. This is especially true when the scattering object is close to -or on top of -an interface between two media. For this case the matrix elements of the dyadic Green function become singular when the scatterer and the observation point are close to one another.
The EFIE for the scattering object is obtained by meshing its surface into triangles, where the Rao Wilton Glisson ( [1] , hereafter RWG) basis and test functions are employed to compute the unknown surface current density.
For layered media, [2] -and later on by [3] using a different representation -decompose the EFIE into scalar and vector potential (Green function) contributions, where the vector potential contains off-diagonal terms. The standard method for evaluating the contributions is to separate the function into two components: one regular component, which can be evaluated numerically, and one singular component, which can be evaluated analytically. The singularity for the scalar potential and the diagonal components of the vector potential can be extracted using image theory, which results in spherically symmetric singular contributions at the image position. However, for the off-diagonal components of the vector potential this approach leads to singular contributions of logarithmic type that lack spherical symmetry. As a result, in [4] the singular component of the kernel was written separately in the transverse and longitudinal coordinates, while others [5] have addressed the singular behaviour by suitably modifying the vector and scalar potential contributions.
In this paper we will describe how this singularity is derived and extracted in the literature. Then, a derivation which results in a spherical singularity is presented. Finally, a discussion of how to use this form to evaluate the self patch integral -resulting in a closed form integral expression -is given.
EFIE evaluation
The scattered electric field is obtained by integrating the scalar and vector potential Green function with the surface current density J,
The standard method for obtaining the surface current density J on the surface of the source (scattering object) is by meshing the surface with triangular patches described by [1] . This method produces test (hereafter − → T (r)) and basis (hereafter − → B (r )) functions which are defined on a triangular mesh. Each function contains two triangles, represented by superscripted + and −, which share a common edge.
For the off-diagonal terms in the z-column of the dyadic Green function (for the vector potential), the integral expressed in [3] (Equation 58) is of the form
where dA B and dA T are area elements of the basis and test function co-ordinate, respectively. Using Gauss's theorem, the quadrature expression for the 978-1-4673-9811-4/16/$31.00 ©2016 IEEE off-diagonal components is
Since ∇ · − → T (r) is a constant on the test function, it is possible to analytically evaluate this component, and − → B (r )·û z can be evaluated through quadrature. A similar quadrature expression can be obtained for the z-row of the dyadic Green function through reciprocity.
Non-spherical singularity at an interface
In free space, the vector and scalar potentials contain a singularity of the form 2 , the unprimed co-ordinates denote the observation point and the primed co-ordinates is the source point. For this particular case, the vector potential, when written in matrix (or dyadic) form, contains only diagonal elements.
The presence of an interface (or layer) introduces off-diagonal terms in the vector potential of the dyadic Green function. This arises from the "correction term" in (Equation 47, [2] ) where the expressions in the spectral domain contain In [4] it was attempted to remove the asymptotic behaviour of the off-diagonal terms by integrating using Sommerfeld identity, i.e. the spectral-spatial pair,
where which has non-spherical logarithmic singularity.
Spherical singularity at an interface
Let us define a co-ordinate system such that,
This allows us to project R inû ρ (and henceû x andû y ) andû z in terms of angles. The logarithmic singularity can now be written as
where θ is the angle between r − r and the z-axis in the range. In the above equation cos θ never becomes a negative value. This is due to the sign term. For example, if the source and the observer are in the top half space, θ ranges from − π 2 to π 2 , which produces a non-negative value of cos θ. For this case, z and z are above the interface (hence positive values) so that the sign term produces a plus sign.
When the source and observer are in the bottom half space, the sign term produces a minus sign as z and z co-ordinates are now below the interface (and hence negative). This minus sign is equivalent to flipping the direction of the z-axis. This sign change therefore results in the bottom half space case being a mirror of the top half space case. This means that the range of θ is again between − π 2 and π 2 , resulting in a non-negative value for cos θ.
For the case where source and observer are in adjacent layers, the sign term can be written as sgn(z − z ) -which can also be mirrored -further preventing cos θ from being negative.
The second logarithm becomes singular when θ = π. However, this does not apply for our case.
As a result, we are only left with the ln R term, which is singular. However, this singularity is now spherically symmetric.
Self patch integration
For the integration of the self patch, where the testing and basis triangles are the same, it is possible to rotate the co-ordinate system so the face of the triangle is along a projected plane (an x,y-plane). This means that the area dA is now dxdy.
By using the identity
it is possible to write the integral as 1 4
where T + new is the new projected area of the triangle, and ν is normal to the x, y-plane. As R is the square root of x 2 + y 2 , there is an extra factor 1 2 in front of the integral. The area term is a constant, meaning that the line integral is the remaining term that requires evaluation.
For a triangle the integration path of the third edge is given by
where τ is the (scaled) integration path along the line, and the subscripts 1 and 2 represent the first and second vertex, respectively. A similar expression can be obtained for the other two edges. This means that for edge 3,
meaning that the integration for this edge is of the form
where L is the line segment length for edge 3. Furthermore, ν x and ν x are constant for the edge. where d and e are also real.
Conclusion
An alternative approach that results in a spherically symmetric singularity for the off-diagonal terms of the dyadic Green function is derived. Using this approach produces a uniform (orientation independent) singular term, which is more flexible to implement numerically. Finally, a discussion on how the self patch integration results in a definite integral is given.
